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IDEAL GAS FLOWS 

We obtain the solut ion de sc r ib ing  adiabat ic  f lows of  an ideal gas  c h a r a c t e r i z e d  by the two 
p a r a m e t e r s  a and b such that  

[a] ~ Lm+IT -1, [b] ~ ML ~2-2m 

where m is arbi t rary (m > 0). This solution permits the construction of flows containing 
shocks .  

1o A s s u m e  that  in the reg ion  y > 0 an ideal  (i .e.,  without  v i s c o s i t y  and t h e r m a l  conduct iv i ty)  p e r f e c t  
gas  t r a v e l s  pa ra l l e l  to the Ox-ax i s  and has  the following p a r a m e t e r s :  

p ~ 0 ,  v=_O,  u = U o ( y )  = a g  -m, p = 90(g) = bY ~m-i (1ol) 

and p a s s e s  through a no rma l  shock.  The condi t ions  on the shock have the f o r m  [1] 

"~--i " r+ t  2 
u = ~ u 0 ,  v = 0 ,  P=~---LsPo, p = ~ p 0 u 0  ~ (1.2) 

In v iew of the p r e s e n c e  of the p r e s s u r e  g rad ien t  in the d i rec t ion  of  the Dy-ax i s ,  the flow behind the 
n o r m a l  shock is d e s c r i b e d  by the  s y s t e m  of equat ions  [2] 

o v o v o 1 0 t O v __0 (1.3) 

u 2 + v 2 ~, p 
2 ~ - ~ 7  = Zo('q), P=P~'lo "~(n) 

H e r e  u and v a r e  the ve loc i ty  componen t s  a long the Ox-  and Oy-  axes ,  r e s p e c t i v e l y ;  p is p r e s s u r e ;  p 
is densi ty ;  7 > 1 is the adiabat ic  exponent;  f0 and i 0 a r e  a r b i t r a r y  funct ions .  The  independent  v a r i a b l e s  
(the function in t roduced  by Mar t in  [3]) and ~ (the s t r e a m  function) a r e  defined by 

d~ = p~vdg--  (p + pv 2) dx, d~l = p u d g - -  pvdx (1.4) 

The cons tan t s  a and b in (1ol) and the v a r i a b l e s  ~ and ~? have  the following d imens ions :  

[a] = Lra+lT -l, [b] = M L  -~-''r~, [~] ---- M T  -2, bll -- M L - i T  -I (1.5) 

T h e r e f o r e  the only d i m e n s i o n l e s s  p a r a m e t e r  is the quant i ty  s = ~g2b- i ,  and the  funct ions  in (1.3) can 
be wr i t t en  in the f o r m  

U ----- a2bq-iU (s), v = a~b~-lV (s), s = ~a-2b -i (1.6) 

P = ~1 1/'ma(2m~l)/mb(m~)/mP (s), p = 'q(2~-~)lma{~-2r~)Lr~b(~-m)lmR (s) 

The d i m e n s i o n l e s s  funct ions U, V, P, and R sa t i s fy  the s y s t e m  of equat ions  obta ined  f r o m  (1o3), 

(v) (v) ( 1  
-F -kin T ,  = 0 ,  V - U ~  + P  "k--K)~ = 0  
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u 2 + V~ 7 P 
2 + 7 ~  ~ t~ : H2' P = (RC~)~ ( lo7) 

H e r e  H and C i a r e  a r b i t r a r y  cons t an t s  (the funct ions  f o  and i 0 a r e  def ined to wi thin  a cons t an t  factor) .  

The  s t r e a m  funct ion ~ does not undergo a d i scon t inu i ty  upon p a s s i n g  through the shock. T h e r e f o r e  

d~l = p ouody ~ abgm-~dy 

Hence  

y ~  = m~l(ab) -~ 

Since the image  of the shock in the ~,?-plane is  the l ine  s = 0 [2], we w r i t e  cond i t ions  (1.2) for the 
func t ions  U, V, P, and R in  the fo rm 

~ - I  V 1,=:)-- 0 

B [~=o 7 + i m(2m 1)/,,, p 2 (1.8) 

Solving (1.7) and  using (1.8), we f ind 

U-- i ~ + l  
m 7 - - i  fftqT, T" = (~ 2 - ~  �9 - -  V r _  1) 

"; + l m(~m_l)l, n l~]v/(v-~) 2 (~- - -  i )  
P = T B ,  R~-~-~__l  , ' r : l  ' T l - -o '+ i )~m2 

m 7-'-1 i t ~-1 ' v-TdO - 

(1.9) 

The  equa t ions  of the s t r e a m l i n e s  behind the shock can  be w r i t t e n  in p a r a m e t e r i c  fo rm ( tak ing  the 
shock as  the  Oy-axis)  

i vlv/(v 1) [ fib'\ l l m  ~  -L ])rn~z z-vl(-<-I) dz,  h - -  

[ m ~ /~  i ~ -- t -- (~" + l) m2z z-W(~-~)dz. (1o 10) 
Y =  - -  ~'-d~) hm~l ' / ~  ,~ V~(~--- t) ':--  2(T~-- t)m2z +(7-{-  i)O~m4z 2 

+ ~ <q~l~ 

Thus ,  (1o6), (1o9), and (1.10) c o m p l e t e l y  d e s c r i b e  the  gas flow behind a n o r m a l  shock. 

D i r e c t l y  behind the  shock V (T 1) = 0. T h e r e f o r e ,  with mo t ion  along any s t r e a m l i n e  ~? = coas t  down-  
s t r e a m  f rom the shock T d e c r e a s e s  f r o m  ~'1 (at  the shock) to 0, and V --- 0, x, y ~ co as  ~- ~ 0. We denote  
by ~ the s lope  of the s t r e a m l i n e s  to the Ox-ax i s .  Beh ind  the shock a = 0, as  we move  d o w n s t r e a m  a i n -  
c r e a s e s  to some  va lue  ~max and  then d e c r e a s e s  to 0. It i s  not diff icul t  to show us ing  (1o9) that  the va lue  
~ m a x ,  c o r r e s p o n d i n g  to the in f lec t ion  point  on the s t r e a m l i n e ,  is  independen t  of ~? and is r e a c h e d  for  T = r , ,  
whe re  

. M=oo y /M=I  / /  

Fig. 1 

T-- I  i 
** - -  T(7+l)  m ~ '  tg~max V7 2 -  i 

We fu r t he r  f ind  f rom (1.9) 

M2 _ u2 + v2 T -- 1 -- 2Tin"-* M (V.) : i 
- T ~  p =  ~ ( 7 - 1 ) ~ *  ' 

Hence,  and a l so  f rom (1.10), we see  that  the l i nes  a long which M = 
cons t  a r e  s t r a igh t  l i ne s  p a s s i n g  through the coo rd ina t e  o r ig in .  Spec i f i c -  
a l ly ,  the sonic  l ine  (M = 1) of the flow behind the shock is  a s t r a igh t  l ine  
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and the locus of points of inflection of the s t reamlines  behind the shock (Fig. 1). Taking any line V = const 
as the wall, we obtain the flow past  a curvflinear contour .  

2o Let us assume that a gas having pa rame te r s  (1.1) passes  through an oblique rec t i l inear  shock. 

Using the known relat ions for a strong oblique shock [1], we can show that the flow behind the shock is 
descr ibed as before by solution (1.9), in which ~'1 is to be replaced by ~'1 sin 2fi, where fl is the slope of the 
shock to the Ox-axis. This means  that in the flow shovtn in the figure any straight  line y = kx can be taken 
as the oblique shock. 

On the basis of the solution obtained here  and using the substitution principle [4], we can construct  
non-se l f - s imi la r  adiabatic flows containing shocks. 
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